The vibration-rotation states of a tetrahedral molecule in a field of D 3h symmetry are studied by an extended group theory. Symmetry adapted rotational wave functions for the ground and the triply degenerate excited vibrational states are constructed. The crystal field potential is derived explicitly for a tetrahedral molecule in a hexagonal close-packed crystal. As an example, the rovibrational energy states of methane in solid parahydrogen are computed. Optical selection rules are also derived from the theory. © 1997 American Institute of Physics. ͓S0021-9606͑97͒04643-6͔
I. INTRODUCTION
Evidence for quantized rotational states of molecules in solids has been obtained for some systems such as methane and water trapped in rare gas matrices. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] High resolution infrared absorption spectroscopy as well as inelastic neutron scattering have been used to unveil the rotational states of methane in rare gas matrices. [5] [6] [7] [8] [9] [10] However, the deformation of crystal and/or the existence of multiple trapping sites prevents quantitative analysis of experimental data.
Recently, it is found that methane and methyl radical trapped in solid parahydrogen exhibit infrared absorption spectra indicative of the quantization of the rotational state. 11, 12 In particular, the system of methane is considered to be ideal for quantitative analysis of the rotational state of polyatomic molecules in the crystal: Since the radius of methane of about 1.62 Å derived from the covolume of the van der Waals equation of methane 13 is significantly smaller than the intermolecular distance of 3.783 Å of the parahydrogen crystal, [14] [15] [16] the crystal is expected not to be distorted seriously by the substitution of methane. Furthermore, by virtue of the quantum nature of the crystal, the formation of multiple sites is considered to be negligible.
The purpose of the present study is to construct the theoretical framework for quantitative analysis of the high resolution infrared spectra of methane trapped in solid parahydrogen. 11 Since parahydrogen at liquid helium temperatures forms a hexagonal close-packed ͑hcp͒ crystal, 16 methane in the crystal is in a static electric field of D 3h symmetry. The crystal field may lift the degeneracy of the rotational state of the spherical top molecule so that the rovibrational states of methane are to be classified by an extended group theory appropriate for molecules in crystals. 17 Analysis by such extended group theories was originally made for diatomic molecules in rare gas matrices. [18] [19] [20] Application of the group theory to the analysis of the rotational state of a tetrahedral molecule in a cubic crystal field was made by King and Horning. 21 Flygare discussed rotation of trapped molecules in rare gas matrices in a different way. 22 In this article we have worked out an extended group theory for a tetrahedral molecule in a D 3h crystal field to analyze the experimentally studied system of methane in parahydrogen crystal. 11 As a result, the explicit expression of the crystal field potential appropriate for the system is derived. The same crystal field potential is also derived from the pair potential between a hydrogen and a methane molecule. In this way the rovibrational energy states of methane in the crystal and the optical selection rules are obtained.
II. PERTINENT GROUP FOR THE SYSTEM STUDIED
In this section we will develop the pertinent group for the analysis of rovibrational states of a tetrahedral molecule in a field of D 3h symmetry. We consider a tetrahedron occupying a substitutional site of the crystal as shown in Fig. 1 as a model for a methane molecule in the hcp crystal of parahydrogen.
The point group of a crystal with a D 3h symmetry is composed of 12 elements, Gϭ͕EĒ,8E͑123͒,3E͑12͒͑34͒,6 h ͑ 1234͒*,6 h ͑ 12͒*, In Eq. ͑3͒ the convention of Miller and Decius 17 is followed by putting bars on the operations in the molecular symmetry. Group G is a subgroup of the direct product group of D 3h T d and is isomorphic to the direct product group of D 3 T d . Table I lists the character table of group G. The symmetry species of the crystal-fixed components of the dipole moment and the polarizability tensor ␣ are also given in Table I. The direct product table for group G is obtained  straightforwardly from the character table in Table I .
III. SYMMETRY ADAPTED ROTATIONAL WAVEFUNCTIONS

A. Ground state
The symmetry of rovibronic wavefunctions of a spherical top molecule in the gas phase was fully discussed by Hougen. 25 The classification of the rotational wavefunction in crystals in terms of the extended group is obtained closely following his treatment. In the following the various symbols, the definition of the Eulerian angles and of Wigner's rotation matrix, and the rule of transformation of wavefunction upon the rotation are the same as those employed by Hougen. 25 In order to classify the rotational wavefunction of an embedded molecule, two axis systems are necessary to specify the orientation of the molecule, i.e., the moleculefixed and the crystal-fixed axis systems. To define the molecule-fixed axes one of the C 2 symmetry axes of the tetrahedron is taken as the z axis and the other two are taken as the x and y axes so that one of the C 3 axes is oriented to point in the ͑1,1,1͒ direction of the molecule-fixed axis. The molecule-fixed axis rotates with the embedded molecule. To define the crystal-fixed axes, the crystal c axis is taken as the FIG. 1. A methane molecule occupying a substitutional site of the hcp crystal of parahydrogen. Small circles indicate parahydrogen molecules and the large filled circle a methane. Small bold circles represent the 12 nearest neighbor hydrogen molecules. The intermolecular distance between the hydrogen molecules is 3.783 Å. The crystal c axis is perpendicular to the hexagonal plane and the ab axis is in the plane. The crystal-fixed axis system used in this article is also shown as x, y, and z. 
where J is the total angular momentum, k the projection of the total angular momentum along the molecule-fixed axis, m the projection along the laboratory-fixed axis and ͕͖ are the Eulerian angles which define the molecule-fixed axis system with respect to the laboratory-fixed axis system. A symmetry adapted wavefunction in terms of the extended group is obtained by considering the transformation of the wavefunction under each operation. 25 Symmetry op-
Here, R ␣␤␥ and R ␣ Ј ␤ Ј ␥ Ј represent the symmetry operations on crystal and molecule, respectively, ␣␤␥ and ␣Ј␤Ј␥Ј stand for the Eulerian angles corresponding to the symmetry operations R ␣␤␥ and R ␣ Ј ␤ Ј ␥ Ј , respectively, and D km (J) (␣␤␥) is Wigner's rotation matrix. The Eulerian angles corresponding to the symmetry operations of group G 24 are given in Ref. 25 . Those corresponding to the operations of D 3h are listed in Table II .
The symmetry adapted rotational wavefunctions for J ϭ0 through 3 in the ground vibrational state are given in Table III for each representation. The rotational wavefunctions of mϭ0 belong to species A 1 ⌫ for even J and species A 2 ⌫ for odd J, while those of mϭϮ2 to species E⌫, where ⌫ is the symmetry species of the rotational wavefunction in group G 24 (T d ). On the other hand, the rotational wavefunctions of mϭϮ1 belong to species E⌫Ј and those of m ϭϮ3 to species A 1 ⌫Ј and A 2 ⌫Ј, where ⌫Ј is the symmetry Fig. 1 .
Proper rotations
Improper rotations Table IV .
B. Excited vibrational states
Since the degeneracy of the 3 and 4 excited vibrational states is lifted by the Coriolis interaction, angular momentum R defined by RϭJϩl˜with l˜being the reversed vibrational angular momentum [25] [26] [27] is a good quantum number in place of J for the excited states. The coupled wavefunction is expressed in terms of a linear combination of the product of the rotational wavefunction ͉kJm͘ and the vibrational wavefunction ͉l˜k l ͘ as
where c(Jl˜R͉kk l k R ) is the Clebsch-Gordan coefficient. The symmetry adapted wavefunction in group G is a linear combination of the above coupled wavefunction. Explicit expressions for the wavefunctions from Jϭ0 to 2 and the symmetry classifications are given in Table V .
IV. INTERACTION HAMILTONIAN
In this section we will derive the explicit expression of the interaction potential of a tetrahedron in a molecular crystal of D 3h symmetry. Since we are interested in the vibration-rotation states of a tetrahedral molecule designated as molecule 1, the interaction potential will be considered as only a function of the orientation of tetrahedron (⍀ 1 ) with respect to the crystal-fixed axis.
The interaction potential V(⍀ 1 ) has to be invariant under any symmetry operation on molecule and on crystal. That is to say, the potential should be totally symmetric as denoted by A 1 Ā 1 in group G. Thus the first two anisotropic terms are given in terms of Wigner's rotation matrices as
where
and
are the normalized functions of the third-and fourth-order tensors, and ⑀ 3c and ⑀ 4c are the angular independent crystal field parameters which will be further discussed below. There are further terms involving three functions of sixth order which satisfy the symmetry requirements. But they will not be considered here because their effect on the energy levels is expected to be insignificant compared with the first two terms in Eqs. ͑8͒ and ͑9͒. The zeroth-order term of the potential, that is the isotropic interaction potential, does not shift the frequency of the vibration-rotation transitions of tetrahedron, and will not be considered here either. The symmetry adapted crystal field potential of Eqs. ͑7͒-͑9͒ can be derived also from the pair potential of a tetrahedral molecule and a surrounding atom/molecule of the crystal. Here, a crystal of diatomic molecules is considered. However, the following result can be extended to any kind of crystal with D 3h symmetry because we will not use any symmetry property of the particles constituting the crystal. To derive the interaction potential function from the pair potential, we have to introduce a third axis system to specify the orientation of a tetrahedron in addition to the molecule-fixed 
The symbol ⌫ represents the symmetry species of the rotational wavefunction in group G 24 (T d ). The symbol ⌫Ј represents the symmetry species whose subscripts 1 and 2 are to be changed for all A 1 ,A 2 and F 1 ,F 2 species of the symmetry classification of the wavefunction in G 24 (T d ). Jϭ0, Rϭ1
axis and the crystal-fixed axis introduced in the above. This new axis system is called the pair-fixed axis system where the intermolecular axis between a tetrahedral molecule and a diatomic molecule is taken as the z axis. We define the Euler angles ⍀ 1 ϭ(,,) to give the orientation of the moleculefixed axis with respect to the crystal-fixed axis, and the Euler angles 1 ϭ(Ј,Ј,Ј) the orientation of the molecule-fixed axis with respect to the pair-fixed axis. The orientation of the pair-axis between the tetrahedron under investigation ͑mol-ecule 1͒ and one of the diatomic molecules ͑molecule j͒ with respect to the crystal-fixed axis can be specified by the two Euler angles ␤ and ␥, or ⍀ 1→j ϭ(0,␤,␥).
The intermolecular interaction between the tetrahedron ͑molecule 1͒ and the diatomic molecule ͑molecule j͒ can be expanded, in general, in terms of Wigner's rotation matrices D km (l) () as
where R 1 j is the distance between the two molecules. The Eulerian angles 1 and j define the orientation of molecules 1 and j, respectively, with respect to the pair-axis.
which is a function of the intermolecular distance R 1 j only.
Note that the coefficient is not necessarily real. In Eq. ͑10͒ the same suffix m is used for the two rotation matrices because the interaction should be invariant under a rotation around the intermolecular axis. The potential of Eq. ͑10͒ has to be invariant under any permutation of identical nuclei in each molecule. In the case of the interaction between a tetrahedral and a diatomic molecule, l 2 has to be an even integer and l 1 is allowed only for 0, 3, 4, 6, and so on. 28 Since we are interested in the potential which is a function of the orientation of the tetrahedral molecule only, we can set l 2 ϭk 2 ϭmϭ0 as a first order approximation. Then, the explicit expressions for the first two terms of the symmetry adapted pair potential are obtained as
The The ) . The imaginary number i in Eq. ͑12͒ is to assure that the coefficient A 3 (R 1 j ) be real. The same potential functions have been discussed by several authors for the atom-methane interaction. [28] [29] [30] Since the dispersion interaction of many-particle systems is known to be nearly additive, the crystal field potential in the present system is approximated by a sum of each interaction between the central tetrahedron and the molecules constituting the crystal under the assumption that the dispersion interaction is dominant. The assumption is safely guaranteed for the system of methane in a parahydrogen crystal where the lowest permanent electric moment of methane is octupolar and parahydrogen with Jϭ0 possesses no permanent moment in any order. The induction energy which originates from the octupole induction field is obviously very small relative to the dispersion interaction.
To take a sum over all molecules constituting the crystal, it is convenient to express the orientation of the central tetrahedron relative to the crystal-fixed axis, that is ⍀ 1 . Then, the crystal field potential is given as
or explicitly,
The angle ⍀ 1→ j denotes the orientation of the pair axis between the molecules 1 and j relative to the crystal-fixed axis. By considering the D 3h symmetry of the crystal, the sum over j in Eq. ͑15͒ is found to be nonzero only for mЈϭϮ3 in the first term and for mЈϭ0 in the second. As a result, the interaction potential becomes identical with the form in Eqs. ͑7͒-͑9͒. The relation between the crystal field parameters in Eq. ͑7͒ and the coefficients of the pair potential in Eq. ͑11͒ is given by
The coefficients of the pair potential A 3 and A 4 are closely related to the expansion coefficients of the intermolecular interactions discussed by Buckingham. 31 In the case of methane in the hydrogen crystal, the potential function involving the third-order tensor comes from the expansion term which is proportional to the product of the dipole polarizability ␣ of hydrogen and the dipole-quadrupole polarizability A of methane. 31 This term is proportional to R
Ϫ7
where R is the intermolecular distance. On the other hand, the fourth-order potential comes from the term involving the product of the dipole polarizability ␣ of hydrogen and the quadrupole polarizability C of methane, and is proportional to R Ϫ8 . Therefore Eq. ͑16͒ can be rewritten as
where R 0 is the nearest neighbor distance between the hydrogen molecules in the crystal. The terms S 7 (3) and S 8 (4) are called crystal sums whose values depend only on the configuration of molecules surrounding the central molecule in the crystal. The numerical values are calculated to be S 7 (3) ϭ0.5290i and S 8 (4) ϭ1.0553 for hcp crystal of parahydrogen. Note that both ⑀ 3c and ⑀ 4c are real numbers in our coordinate system.
It is important to note that the crystal field potential of the form of Eqs. ͑7͒-͑9͒ differs from that of the pure parahydrogen crystal. The lowest anisotropic crystal field potential of pure solid parahydrogen is expressed as V(⍀ 1 ) ϭ⑀ 2c C 20 (⍀ 1 ), where ⍀ 1 is the orientation of hydrogen molecule 1, C 20 (⍀) is a Racah spherical harmonic, and ⑀ 2c is the crystal field parameter. 15 The difference between the pure parahydrogen and parahydrogen containing methane stems from the fact that the function C 20 (⍀) is totally symmetric in D 3h , but is not in group G. The function C 20 (⍀) belongs to A 1 Ē representation in group G, as is easily derived from Table III .
The values of the coefficient A 3 (R 0 ) and A 4 (R 0 ) for the dispersion interaction between hydrogen and methane have not yet been obtained either experimentally or theoretically. However, they can be estimated from the dispersion interaction between two hydrogen molecules: The anisotropic term of the dispersion interaction between two hydrogen molecules is expressed as V()ϭB(R)C 20 (), where is the orientation of one of the molecules relative to the other, R is the distance between the molecules, and B(R) is a coefficient. 15 The coefficient is a function of R Ϫn ͑nϭ6, , and hence the crystal field parameter ⑀ 3c is estimated to be Ϫ19.24 cm
Ϫ1
. It is known that the London approximation underestimates the interaction seriously, but since the approximation is used here only to relate the interaction between hydrogen-hydrogen to that between hydrogen-methane, the use of the approximation should be less vulnerable.
In a similar manner, the relation between the coefficients A 3 (R 0 ) and A 4 (R 0 ) is found to be
where ⌬C CH 4 is the quadrupole polarizability of methane ͑⌬Cϭ(3/2)C xx,xx Ϫ2C xy,xy in our coordinate system͒. 31 No value of the quadrupole polarizability ⌬C CH 4 of methane is available. However, since the relation between the two polarizabilities A CH 4 and ⌬C CH 4 is approximated by ⌬C CH 4 (R 0 )ϭ(r/R 0 )A CH 4 (R 0 ), with r being the radius of methane, the magnitude of ⑀ 4c is estimated to be roughly one order of magnitude smaller than ⑀ 3c .
It should be emphasized that the absolute value of the crystal field parameter of ⑀ 3c ϭϪ19.24 cm Ϫ1 turns out to be the same order of magnitude as the dispersion interaction of A 3 (R 0 )ϭ25.71 cm Ϫ1 between a pair of hydrogen and methane molecules. The interaction potential of a molecule in a crystal is usually considerably smaller than the interaction between a single pair due to the cancellation by the symmetry of the crystal. However, the result stated above demonstrates that this is not the case for methane in the parahydrogen crystal where the crystal sum
is significantly large. Although the contribution from the in-plane nearest neighbor hydrogen molecules cancels completely by symmetry, the contribution from the out-of-plane hydrogen molecules does not vanish. As a result, even the contribution from only the first shell becomes significant. This is in contrast to the case of pure parahydrogen crystal where the crystal sum vanishes almost completely.
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V. ROVIBRATIONAL ENERGY STATES
The energy levels of the rovibrational states of methane in parahydrogen crystal can be numerically calculated with the use of the potential of the form in Eqs. ͑7͒-͑9͒. However, before performing such calculation it may be instructive to make a semiquantitative discussion on the effect of the crystal field potential upon the vibration-rotation states of methane. In order to simplify the discussion, only the effect of the V 3 interaction term in Eq. ͑7͒ acting on only Jϭ0, 1, and 2 rotational levels will be considered. The molecular constants used here are listed in Table VI which are obtained from the gas phase experiments. 38, 39 In the ground vibrational state the Jϭ1 functions of EF 2 symmetry species interact with the Jϭ2 functions of EF 2 species in the potential of Eq. ͑8͒ ͑as is seen from Table III͒. The matrix elements of nonzero values are those between ͉1,1,Ϯ1͘ and ͉Ϫ1,2,ϯ2͘, between ͉Ϫ1,1,Ϯ1͘ and ͉1,2, ϯ2͘, and between ͉0,1,Ϯ1͘ and (͉2,2,ϯ2͘Ϫ͉Ϫ2,2, ϯ2͘)/ͱ 2. The explicit matrix elements between ͉1,1,Ϯ1͘ and ͉Ϫ1,2,ϯ2͘ functions are
where BЉ and ⑀ 3c Љ are the rotational constant and the crystal field parameter of the ground state, respectively. Here, we ignore the centrifugal distortion and higher order terms in the rotational energy. The matrix elements of the other pairs are the same except for the sign of the off-diagonal elements. Hence, the energy levels of all the EF 2 functions of Jϭ1 shift by the same amount due to the above interaction. On the other hand, the energy levels of the Jϭ1 functions of A 2 F 1 symmetry species do not shift since no other function gives nonzero matrix elements ͑see . In the triply degenerate excited vibrational states, the J ϭ1, Rϭ0 functions of EĀ 1 symmetry species (͉1, Ϯ1,1,0,0͘) interact with the Jϭ2, Rϭ3 functions of EĀ 1 species (͉2,ϯ2,1,3 ,Ϫ͘) ͑as is seen from Table V͒. As in the case of the ground vibrational state, the EĀ 1 level of Jϭ1, Rϭ0 is located below the A 2 Ā 2 level of Jϭ1, Rϭ0 with a splitting of Ϫ2BЈ(1ϩ2)ϩͱ(2BЈϩ4BЈ)
where BЈ, , and ⑀ 3c Ј are the rotational constant, the Coriolis coupling constant, and the crystal field parameter of the excited state, respectively. The numerical values of the splitting are calculated as 0.79 cm Ϫ1 and 0.47 cm Ϫ1 for the 3 and 4 excited states, respectively, by the use of the parameters in Table VI and ⑀ 3c Ј ϭϪ19.24 cm Ϫ1 which is assumed to be equal to that of the ground state.
The functions of EF 1 ͑Jϭ1, Rϭ1; Jϭ2, Rϭ1; Jϭ2, Rϭ2; Jϭ2, Rϭ3͒ and EF 2 ͑Jϭ1, Rϭ2; Jϭ2, Rϭ1; J ϭ2, Rϭ2; Jϭ2, Rϭ3͒ symmetry species in the vibrationally excited state also interact with each other within the same symmetry species to cause further splitting. There are six 5ϫ5 matrices to be diagonalized for each symmetry. As an example, the explicit matrix elements between the functions of the EF 1 species are given below: 
Since the Coriolis coupling constant of the 3 state ( 3 ) is much smaller than that of the 4 state ( 4 ), the diagonal values are significantly different between the 3 state and the 4 state. As a result, the pattern of the crystal field splitting becomes different for the two excited states. The mixing between the functions of Jϭ2, Rϭ1, and Jϭ2, Rϭ2 with the functions of Jϭ2, Rϭ3, all being EF 1 and EF 2 symmetry species in the 3 excited state, is much larger than the mixing in the 4 excited state. This difference of mixing leads to the difference in optical selection rules to be discussed in the next section.
The numerically calculated energy levels of the vibration-rotation states of methane in parahydrogen crystal are summarized in Tables VII and VIII. We have calculated the energy levels for four sets of the parameters; ͑1͒ The molecular constants are taken as the same as those in the gas phase in Table VI , and the crystal parameters ⑀ 3c and ⑀ 4c of the ground vibrational state as well as those of the 3 and 4 excited vibrational states are set equal to zero. This set is designated as ''without CFP'' in the tables. ͑2͒ The molecular constants are the same as those in the gas phase and the crystal parameters of both the ground and the excited vibrational states are set equal to ⑀ 3c ϭϪ19.24 cm Ϫ1 as obtained , respectively. The mixing among the rotational states of Jϭ0 -2 is considered in ''with CFP ͑a͒'' while the mixing among Jϭ0 -4 is considered in ''with CFP ͑b͒'' and ''with CFP ͑c͒.'' The rotational constant of the ground vibrational state is assumed to be BЉϭ5.241 cm
Ϫ1
. All the states of the same J values will be degenerate if the crystal field parameters are zero.
in the previous section while the crystal field parameter of ⑀ 4c is set equal to zero. Only the interaction among J ϭ0 -2 rotational states is considered. This set is denoted by ''with CFP ͑a͒'' in the tables. This set is just the same as used in the semiquantitative discussion described above. ͑3͒ The parameters are the same as ''with CFP ͑a͒'' but the interactions among the Jϭ0 -4 rotational states are included. This set is classified as ''with CFP ͑b͒'' in the tables. ͑4͒ The crystal parameters of both the ground and the excited vibrational states are set equal to ⑀ 3c ϭϪ19.24 cm Ϫ1 and ⑀ 4c ϭ5.0 cm
. This set is called ''with CFP ͑c͒'' in the tables. In Tables VII and VIII the energy shifts from the energy levels calculated without the crystal field ͑''without CFP''͒ are shown. The energy levels of the 3 and 4 excited vibrational states are depicted in Figs. 2 and 3 , respectively, together with the levels of the ground state. In each figure the energy levels calculated with the crystal field parameters ͓''with CFP ͑c͒''͔ are compared with those without the crystal field parameters ͑''without CFP''͒: the energy levels at the left-hand side in Figs. 2 and 3 are those without the crystal field while those at the right-hand side are with the crystal field.
From Tables VII and VIII we see that the essential features of the splittings and shifts of the vibration-rotation energy levels are explained by the parameter set ''with CFP ͑a͒'' used in the semiquantitative discussion. The mixing with Jϭ3 or 4 levels causes further splittings and shifts. The effect is, of course, larger for Jϭ2 rotational levels than for Jϭ0 or 1. The effect of the potential of the fourth-order tensor in Eq. ͑9͒ is, roughly speaking, to shift the whole levels to lower energies. Although the shift due to this V 4 potential is smaller than the shift caused by the V 3 potential, the effect of the former potential is not negligible. In the excited vibrational states the splittings due to the crystal field are larger in the 3 state than in the 4 state because of the distinct difference in the Coriolis parameter between the two states.
Since the potential of Eq. ͑8͒ mixes the states between mϭϮ1 and mϭϯ2, the quantum number m is no longer a good quantum number in the crystal. The quantum number R is not a good quantum number in the crystal either because the potential mixes the different R states significantly in the vibrationally excited state. In the following, however, we continue using the quantum number R in order to distinguish different states for convenience.
VI. OPTICAL SELECTION RULES
Using the symmetry representation of the dipole moment in the crystal-fixed frame, the selection rules for vibrationrotation transitions are obtained. The optical selection rule for light polarized parallel to the c axis is different from that for light polarized perpendicular to the c axis. In Figures 2  and 3 the energy diagrams of methane and the selection rules are compared between the isolated molecule and the molecule in the crystal. The solid and dashed arrows indicate the parallel and perpendicular transitions, respectively, with respect to the c axis. The well-known ⌬Rϭ0 and ⌬k R ϭ0 selection rules for spherical top molecules 25 do not hold for methane in parahydrogen crystal because of the mixing of states due to the crystal field. In the figures the transitions with ⌬R 0 are indicated by small solid circles on the terminal levels.
From Figures 2 and 3 we see that the P͑1͒ transition, that is, the transition from Jϭ1 in the ground vibrational state to Jϭ0, Rϭ1 in the excited vibrational state should exhibit two peaks in the infrared absorption spectrum. The transition between the A 2 F 1 level of Jϭ1 in the ground vibrational state to the A 1 F 2 level of Jϭ0, Rϭ1 in the excited vibrational state is allowed for light polarized parallel to the c axis of the crystal while the transition from the Jϭ1 EF 2 level is allowed for light polarized perpendicularly to the c axis. The splitting of the P͑1͒ transition corresponds to the crystal field splitting of the Jϭ1 state of the ground vibrational state. The R͑0͒ transition, that is, the transition from Jϭ0 in the ground vibrational state to Jϭ1, Rϭ0 in the excited vibrational state should also be composed of two allowed components. The lower frequency transition is polarized perpendicularly to the c axis whereas the higher is parallel to the c axis. The Q͑1͒ transition, that is, the transition from Jϭ1 in the ground vibrational state to Jϭ1, Rϭ1 in the excited vibrational state should comprise three allowed (⌬Rϭ0) and one ''forbidden'' (⌬R 0) constituents. Two of the three allowed transitions are polarized perpendicularly and the remaining one parallel with the c axis. ϭ2 EF 2 level, the transition to the 3 excited state will be relatively weak.
The R͑1͒ transitions, that is, the transitions from Jϭ1 in the ground vibrational state to Jϭ2, Rϭ1 in the excited vibrational state, are greatly complicated. Since the crystal field mixes the different R states, the selection rule ⌬Rϭ0, which is obeyed approximately in the gas phase, does not hold good in the crystal. In the case of R͑1͒ transition, the transitions from Jϭ1 in the ground vibrational state to R ϭ2 and 3 in the excited vibrational state become allowed by the mixing among the levels of EF 1 and EF 2 symmetry species in the excited vibrational state. The mixing of the Rϭ2 and 3 functions in the 3 transition are not negligible, while those in the 4 are relatively small. The difference stems from the difference of the diagonal matrix elements in Eq. ͑21͒ between the 3 and 4 states. Therefore, the transition from Jϭ1 in the ground vibrational state to Jϭ2, R ϭ2, and Jϭ2, Rϭ3 in the 3 excited vibrational states are allowed by borrowing the intensity from allowed states such as the ͉2,Ϯ1,1,1,1͘ level. As a result, in addition to the five ⌬Rϭ0 transitions, six ⌬R 0 transitions become relatively strong as shown in Fig. 2 . On the other hand, the transition to Jϭ2, Rϭ2 and Jϭ2, Rϭ3 in the excited vibrational state is expected to be very weak for the 4 transition.
One ⌬R 0 transition in the R͑0͒ transition ͑Jϭ2, R ϭ3 EĀ 1 ←Jϭ0 A 1 Ā 1 ͒ is also possible for the 3 transition as shown in Fig. 2 . This transition becomes allowed by the mixing between the Jϭ1, Rϭ0 EĀ 1 level and the Jϭ2, R ϭ3 EĀ 1 level in the excited vibrational state.
VII. CONCLUSION
In this article we have developed a theory for the analysis of the infrared spectrum of a tetrahedral molecule in a crystal of D 3h symmetry, having the system of methane in parahydrogen crystal in mind. The rovibrational energy levels and the optical selection rules are considerably different from those in the gas phase. The results are compared with the experiment on the system of methane in hydrogen in the separate article 11 in which we have succeeded in analyzing the spectral data to a comparable level to the gas phase analysis.
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